We show that the structure constants of W-algebras can be grouped according to the lowest (bosonic) spin(s) of the algebra. The structure constants in each group are described by a unique formula, depending on a functional parameter h(c) that is characteristic for each algebra. As examples we give the structure constants C 4 33 and C 4 44 for the algebras of type W(2, 3, 4, . . .) (that include the WA n−1 -algebras) and the structure constant C 4 44 for the algebras of type W(2, 4, . . .), especially for all the algebras WD n , WB(0, n), WB n and WC n . It also includes the bosonic projection of the super-Virasoro algebra and a yet unexplained algebra of type W(2, 4, 6) found previously.
Introduction
In recent years much effort has been put into the classification of W-algebras [1, 2, 3] 1 . However, there seem still to be cases that withstand such classifications. One example occurs for W-algebras of type W(2, 4, 6) that show four solutions [5] : Two have been identified with the algebras WB 3 and WC 3 and a third solution is the bosonic projection of the super-Virasoro algebra [6, 7] . But a fourth algebra exists that has not yet found an explanation [8] . So far the only way to decide definitely the number of solutions of a general W-algebra of type W(2, d 1 , d 2 , . . .)
is by explicit construction, a task that would go soon beyond the available computer power.
In this paper we shall start from a different point of view that describes the known W-algebras based on the simple Lie-algebras but also allows for additional solutions. Especially it includes the fourth solution of W(2, 4, 6) in a very surprising (though at the moment only formal) way.
Computing structure constants by solving Jacobi-identites in the usual way always makes use of the whole set of fields of the algebra. As a consequence, even structure constants involving only low-dimensional fields are impossible to obtain in the conventional way if the algebra contains many or "high"-dimensional fields. In this way already the algebra of type W(2, 4, 6) is almost at the limit that can be accessed with standard methods.
Contrary to that, our approach will only involve Jacobi-identities with those fields that enter in the structure constants in which one is interested. Starting from the highest weights [9] for the W-algebra we find that a set of highest weights exists that considerably simplify the construction of the structure constants of the algebra.
In section 2 we explain our philosophy in the case of the W 3 -algebra and in the following sections 3 to 5 we apply our ideas to more complicated W-algebras and give some examples for structure constants that will include the simplest ones for the algebras WA n−1 , WB n , WC n , WD n and WB(0, n) as functions of n.
1 For a review on W-algebras see e.g. ref. [4] .
2 Preliminaries: The W 3 -algebra
The W 3 -algebra of Zamolodchikov [10] is certainly one of the best investigated W-algebras.
Because of its relative simplicity we shall start our discussion with it.
A highest weight state |h, w> is a primary state, i.e.
and is an eigenstate of W o , whereas it is annihilated by the positive frequency operators W n :
In [11] the degenerate representations have been investigated. By applying the operators L n and W n (with n < 0) to the highest weight states |h, w> we can produce other primary states.
At the first level it is of the form
and at the second level
For specific values of h and w these states become null-states and the representation is degenerate. The state χ 1 is a null-state whenever
and χ 2 is a null-state if w is given by eq. (2.5) and the conformal dimension h of the highest weight state obeys the quadratic equation
It follows that whenever χ 2 is a null-state, also χ 1 is automatically a null-state (and the representation is completely degenerate).
The state |h, w> can be created by a field P o (z),
and the highest-weight conditions (2.1) and (2.2) translate into the condition that P o is a primary field of dimension h and in the operator product expansion (OPE) of W with P o appears as lowest-dimensional field P o itself with eigenvalue w, but also higher-dimensional fields can occur,
where P 1 and P 2 are new primary fields of dimension h + 1 and h + 2, respectively. They are no longer highest weights, since in the OPE of W with P 1 and P 2 also P o will in general appear.
These new fields can be in some sense regarded to be connected to the states χ 1 and χ 2 . We expect therefore that in the case where χ 1 and χ 2 are null-fields, that is eqs. (2.5) and (2.6) are satisfied, the OPEs (2.8) reduce to 2
We can also make the ansatz (2.9) to our starting point and ask when it is consistent by evaluating the Jacobi-identity (W, W, P o ). This Jacobi-identity then reproduces exactly eqs. (2.5) and (2.6) 3 .
3 Adding more fields to W 3
We want to consider now a more general W-algebra that has a spin-3 field W 3 , a spin-4 field W 4
and an arbitrary set of other primary fields with dimension > 4. We shall denote this algebra as W(2, 3, 4, . . .) and examples for such an algebra are the WA n−1 -algebras. The general OPEs of the low-dimensional fields are
The structure constant A depends on the actual algebra; we have not assigned structure constants to W 5 and W 6,1 , because in our discussion will not enter their normalisation-even not their existence or the number of spin-5 and spin-6 fields.
We are again interested in the case of the complete degenerate representation, when the lowestlevel states become null-states. Instead of the ansatz (2.9) we have now
Here P 3 is no longer a new field (as were P 1 and P 2 in the example with the W 3 -algebra) but the composite primary field
that cannot be neglected from the OPE (3.2). Similary, the ". . ." in eqs. (3.2) stand for other composite fields of the same kind that do not enter the calculation up to the point we want to carry out here, but would be needed for consistency. The Jacobi-identity (W 3 , W 3 , P o ) already fixes the eigenvalues w 3 and w 4 for any of these algebras,
and the Jacobi-identity (W 3 , W 4 , P o ) yields W 6,1 = 0 and
and a third order equation for h(A, c).
On the other hand, h(A, c) can be inverted to give the structure constant A as a function of the dimension h of the highest weight satisfying eq. (3.2),
Including also the OPE
we also find the form of the structure constant B from the Jacobi-identity (W 4 , W 4 , P o ):
The highest weight h entering in these equations will be in general a function of the central charge c. Contrary to the W 3 -algebra (and later to the algebras of type W(2, 5, . . .) and type W(2, 6, . . .)) it is not fixed by the Jacobi-identities and one could imagine that with an arbitrary complicated function h(c) one could produce arbitrary structure constants A and B. However, we believe that there are additional strong constraints on the possible form of h(c), without being able to give an answer to that problem. If we would know the general form of h, we could deduce the structure constant of any algebra of type W(2, 3, 4, . . .), satisfying eq. (3.2).
For the WA n−1 -algebras all the dimensions of the null-fields are known [12] and especially the dimensions of the lowest level null-fields satisfy the quadratic equation
When we denote by h 1,2 the two solutions of this equation, then A(h 1 ) = A(h 2 ) (as well as
give in a much easier way the structure constants for the WA n−1 -algebra, as obtained in [13] using the free-field realization of ref. [12] . In addition to h 1,2 there is a third value of h that reproduces the same structure constants and that is given by
But we know that the WA n−1 -algebra is not the only possibility for W-algebras of this type.
As has been shown in ref. [14] , for the algebra W(2, 3, 4, 5) exist two different solutions: One is given by WA 4 and therefore described by eqs. (3.9) and (3.10). But also for the second algebra the structure constants are of the form (3.6) and (3.8) and in this case the dimensions of the highest weights satisfying eq. (3.2) are
It would therefore be interesting to find other examples for algebras of type W(2, 3, 4, . . .) beyond WA n−1 to get a hint on the general structure of h. But even with our limited knowledge we shall find important consequences in the following examples.
4 W-algebras of type W(2, 4, . . .)
We shall now consider algebras, where the lowest-dimensional bosonic primary field has spin 4, hence obeying the OPE
and that there is a highest weight P o with the property that
All information we are looking for is already contained in the Jacobi-identity (W 4 , W 4 , P o ); the eigenvalues w 4 and w 6 are
and the structure constant C is given by
One observation we make is the fact that C = 50/3 for c = 1, independent of h and hence independent of the actual algebra as long as there is no pole at this value of the central charge.
We expect at least four different types of algebras of the form W(2, 4, . . .), that are WD n , WB(0, n), WB n and WC n 4 . For both the algebras WD n (integer n ≥ 3) and WB(0, m) with n = (2m + 1)/2 (half-integer n ≥ 5/2) we have for the null-fields the condition [15, 16] 4 n (n − 1) h
In addition, for n = 3/2 we find the bosonic projection of the super-Virasoro algebra [6, 7] .
We obtain therefore the structure constant C for WD n and WB(0, n) by simply setting h = n or h = (2n + 1)/2 into eq. (4.4). We can compare the limit c → ∞ of the structure constant C of WD n with its known classical limit, given in ref. [17] , and find agreement.
For the non-simply laced algebras WB n and WC n the two solutions h ± of a quadratic equation no longer describe the same algebra but interchange WB and WC [18] . The dimensions h 1 and h 2 are now solutions of two different equations,
and there is a third equation, corresponding to h 3 2 (c + 2 n) h 2 3 − h 3 (n (2 n + 3) + c (4 n + 3)) + c (n + 1) (2 n + 1) = 0 , (4.8) 4 Strictly speaking we should not include WD3 and WD4 here since these algebras are not of the desired type because they have additional bosonic fields of dimension 3 and 4; it turns out, however, that they are described as well by the formulas.
where h 1 , h 2 and h 3 for the algebra WB are given by the (−, +, +) solutions of eqs. (4.6), (4.7) and (4.8), respectively, and those for the algebra WC by the solutions of the opposite sign.
The structure constants for WB n and WC n are more complex and we shall therefore present them in the appendix A. Their classical limit for general n coincide again with the result of ref. [17] . For n = 2 and n = 3 the result reproduces the structure constants of WBC 2 [19] and WB 3 and WC 3 [5] .
In all cases considered we can also ask for the limit n → ∞. We find the result that
The even-dimensional fields of the algebra W ∞ [20] form a subalgebra and it turns out that for this subalgebra the structure constant (C 4 44 ) 2 is identical to eq. (4.9) after making a suitable change of basis that brings us from the primary fields used here to the fields where the W ∞ -algebra linearizes. Since also the values for w 4 and w 6 for W ∞ and WB ∞ agree, we conjecture that WB ∞ is the subalgebra of even-dimensional fields of W ∞ (that is equivalent to WA ∞ ).
In the same way the algebra WC ∞ is the subalgebra of the even-dimensional fields of W 1+∞ , constructed in ref. [21] . It is also interesting to note that these limits can also be obtained by inserting h = 1 or h = 1/2, respectively, into eq. (4.4) as these values are the solutions to eq. (4.7) in the n → ∞ limit.
So far we have taken in all solutions n to be positive. However, from our point of view there is no restriction on the sign of n and we could as well imagine negative values: If the Jacobi-identities are satisfied for any positive n they will also be satisfied for negative n, as long as there is no structure constant that diverges in this case. The only open question will then be, whether the algebra closes with a finite number of fields.
Indeed, there exists at least one example of an algebra that can be described by a negative n: This is the "strange" solution of the algebra W(2, 4, 6) [5, 8] . One obtains the structure constants of this algebra by setting h = n = −1. Very formally we can therefore say that this algebra is WD −1 . Whether one can give to this formal notation a mathematical meaning has to be seen.
The structure constant C does not diverge in this case in the limit c → ∞ because n is negative, but because n takes one of four special values where C diverges in this limit (another is e.g. n = 3/2, the bosonic projection of the super-Virasoro-algebra).
Minimal models for the algebra WD n are given by
When we take our interpretation for the fourth solution of W(2, 4, 6) as WD −1 more seriously, then we should expect minimal models for this algebra, following eq. (4.11) for the central charge,
to be a sub-set of
Indeed, all examples for minimal models found in [8] obey this form with q = p + 1.
Even more intrigueing, we can also give a formula for the dimension h in this case that is obtained by taking n = −1 for the highest weights of WD n : Let
then the dimensions of the highest weights can be written as
where p = 2m + 1 with positive integer m and
The m 2 dimensions (4.14) reproduce the values for the examples given in ref. [22] for m = 3 and in ref. [8] for m = 4 and m = 5. For m = 2 we get the highest weights of the Virasoro minimal model at c = −3/5. However, the restrictions used here (q = p + 1, p odd, bounds for l i and r, r ′ ) were found completely by comparing with these examples 5 ; until we have a better understanding what we mean by "WD −1 ", these bounds remain mysterious.
We presented here this formal identification only for the structure constant C 4 44 , but indeed we inluded also the spin-6 field and computed all structure constants up to this field (see appendix B) and they agree with this identification (of course this is also true for the other W(2, 4, 6)-algebras).
It might also be interesting to note that with the ansatz that h 1,2 are given by both the solutions h ± of a general quadratic equation of the form
with free parameters a 1 , . . . , a 4 , the algebra W(2, 3, 4, . . .) has only one solution of this type,
given by WA n−1 , eq. (3.9), whereas for W(2, 4, . . .) we find apart from the solution of WD n and WB(0, m), eq. (4.5), and the special case WB 2 =WC 2 another possibility, given by
We do not know of any example of an W-algebra connected to this case and is has to be seen, whether such an algebra exists (for some or any value of n).
5 W-algebras of type W(2, 5, . . .) and type W(2, 6, . . .)
For the algebras of type W(2, 5, . . .) and W(2, 6, . . .) the Jacobi-identities become strong enough to determine also the dimension of the heighest weights. Among the solutions for W(2, 5, . . .)
we would expect the algebra WE 6 = W (2, 5, 6, 8, 9, 12 and a 6 th -order condition.
However, it is doubtful that the WE-algebras are contained in these solutions for W(2, 5, . . .)
and W(2, 6, . . .), since the algebras WE i are simply laced we would therefore expect that h again satisfies a quadratic equation. Also the algebra WF 4 is missing: There is no spin-10 field in WF 4 , but only our solution corresponding to WG 2 is without it.
We have also to remember that we are only looking at one Jacobi-identity ((W 5 , W 5 , P o ) or (W 6 , W 6 , P o ), respectively) at this point and we therefore get necessary conditions for h. It is not at all evident that the solutions to the 5 th -order condition in the case of W(2, 5, . . .) and the
Conclusions
All calculations are based on the assumption that there exists a highest weight P o such that its OPE with the lowest-dimensional bosonic generator W obeys the simple rule W ⋆ P o = w P o . When we consider as an example the WA n−1 -algebra, the fields with even parity form a subalgebra of the type W(2, 4, . . .). However, as it is clear from eq. (3.2), the field P 3 given by eq. (3.3) is not of the form we need for null-states and therefore a reduction to eq. (4.2) will only happen accidentally. By taking the solution e.g. for WA n−1 , (n ≥ 3 integer), this condition is only satisfied for n = 4 and n = ∞. We see that our simple ansatz will not be be true in general for orbifold constructions except single cases (see examples given).
Moreover, instead of our original ansatz we could think of a different one of the form W ⋆ P o = w P 1 (or other fields than P o ). Such an ansatz would be automatically needed for example if W is fermionic. We have not studied whether in the cases considered here a different ansatz would lead to different solutions. In some examples we checked that it reproduced known results (with different values of h). However, it seems likely that for the algebras WE and WF we need a even more complicated ansatz.
Another draw-back of our approach is that we are not able to deduce the field content of our algebras. This has to be obtained by other means. On the other hand, we were able to obtain structure constants for a variety of algebras, like WD n or WB n as functions of n, a task that would be principally impossible by evaluating the Jacobi-identities of the algebra itself.
Moreover it is no longer necessary to give to each single algebra a new set of solution of the structure constants, but it is sufficient to write down the general function C(h) and then for each algebra once its form of h(c) (this is especially true for W-algebras of the same type).
The calculations up to the point presented are relatively simple. We could also get higher structure constants in the same way, but then calculations will turn out to be more cumbersome because then also composite primary fields of the algebra will contribute (that did not enter so far).
Of course also other examples can be considered, for example algebras with a set of several spin-4 fields etc. It would also be interesting to find other examples that correspond to negative n in eq. (4.5).
B Structure constants for W(2, 4, 6, . . .)
For the algebra with OPEs
